e vibrations of high-speed trains may strongly affect the safety and ride comfort of passengers, which issue requires the damping optimization of under-chassis equipment (UCE). In this study, the natural frequency of UCE is determined via the dynamic vibration absorber theory. e performed investigation of UCE-car body system vibration behavior revealed that an eccentricity of UCE results in the coupling vibration in six degrees of freedom, which leads to significant changes in its vibration mode and frequency. us, the natural frequency of UCE deviates from the initially determined value, which implies that the vibration damping effect is weakened. In this study, two decoupling optimization design methods, namely, forward and inverse decoupling methods, are proposed to solve this problem. e analysis of results obtained proves the feasibility of the proposed methods, which yield favorable decoupling degrees for the UCE vibration modes and minimize the offset of the vibration mode frequency from the initial natural one. ese methods are considered quite instrumental in the improvement of vibration damping effect for high-speed trains.
Introduction
Nowadays, the power decentralization technology has been widely applied in high-speed electric multiple unit (EMU) trains. As compared to centralized power trains, the decentralized ones can take full advantage of the wheel-track adhesive force. As a result, the decentralized power trains effectively reduce the dynamic wheel-track interaction force and noise, as well as exhibit flexible marshaling and highpower traction of high-speed trains. Power decentralized high-speed EMU trains are configured with more elements of under-chassis equipment (UCE), such as traction converters and auxiliary current transformers. Since some UCE elements have significant volume and mass, any errors in the design of their damping capacity may imply severe adverse effects on the local and overall vibration performance of the speed-train car body.
To reduce the vibration amplitude, suspension systems of UCE are usually attached using rubber components. Gong et al. [1] studied the influence of the UCE suspension system parameters on the first-order vertical bending frequency of a high-speed EMU train car body. Moreover, the parameters of the UCE suspension system were designed based on the mode matching principle. Zhou et al. [2, 3] analyzed the inhibiting effect of adopting a dynamic vibration absorber (DVA) on the car body elastic oscillation by elaborating a vertical rigid-flexible dynamical model of railway vehicles containing UCE. At present, DVAs are widely used as passive damping systems [4] [5] [6] .
However, in previous studies, UCE was mostly reduced to a point with a single degree-of-freedom (DOF), although, in fact, it is a three-dimensional body with 6 DOF. Moreover, due to available barycenter offset, local mass inappropriate distribution, and unreasonable suspension system design of UCE, the coupling of vibrations in six DOFs is likely to occur, which deteriorates the damping effect on the car body vibration. e decoupling degree is one of the major indices used to evaluate the quality of suspension systems. e higher the decoupling degree, the better the vibration independence in each direction. In other words, better vibration independence in each direction (achieved by such decoupling) is beneficial for optimizing the UCE vibration frequency in each direction [7, 8] . erefore, in this paper, the UCE natural frequency optimization was designed firstly. Next, the influence of UCE coupling vibration on the vehicle vibration performance and related mechanism were studied. Finally, two decoupling optimization design methods were proposed. Accordingly, the dynamic performances of car body were also analyzed. e research results obtained are considered instrumental in the UCE design, which would ensure the reduction of vibrations in high-speed EMU trains.
Rigid-Flexible Coupling Dynamic Model
In more in-depth investigations of vehicle systems, the car body should be considered as a flexible system with dynamic deformation, in order to more accurately reflect the complex dynamic features of the car body [9, 10] . As compared to previously used simplified rigid systems, flexible ones can reveal the influence of self-deformation on the vehicle vibration, which makes the simulation test of the virtual prototype closer to actual conditions. In the modeling process, to construct a rigid-flexible coupling dynamics model of a vehicle system with the account of the car body elasticity, the Hypermesh software, which allows one to elaborate the refined finite element model of high-speed EMU train car body, was used. Next, a vehicle rigid-flexible coupling system dynamics model containing an elastic car body was developed using the Simpack software. Figure 1 shows the elastic modal calculation for the first five orders of vibration modes, in which (a) is diamondshaped deformation mode at 9.70 Hz; (b) first-order vertical bending mode at 11.52 Hz; (c) breathing mode at 14.35 Hz; (d) first-order torsional mode at12.42 Hz; and (e) first-order lateral bending mode at 14.16 Hz. e car body finite element model was reduced based on the reduction theory [11] . Table 1 lists the modal frequency calculation results of loworder elastic modal vibration modes of the car body before and after the above reduction. Insofar as the modal frequencies before and after the reduction differ by no more than 3%, such reduction is considered acceptable. e reduction data file containing car body structure and modal information was imported into the vehicle dynamics model. Only five orders of elastic modes listed in Table 1 were considered in the car body elasticity according to its contribution to the vibration energy [12] . e developed vehicle rigid-flexible coupling system dynamics model containing an elastic car body is illustrated by Figure 2 . e model consists of an elastic car body, two bogies, eight axle boxes, four wheelsets, and one UCE (four suspended rubber components). e bogies, axle boxes, wheelsets, and UCE are treated as rigid bodies. In the model, the following nonlinear factors were considered: the wheel-track contact nonlinear geometrical feature, the nonlinear creep force and moment, the stiffness increasing pattern of the two-stage transverse elastic behavior, and the nonlinear response of the hydraulic shock absorber.
Determination of UCE Natural Frequency
Elastic suspension systems are usually adopted during the vibration reduction design of UCE to reduce the adverse effect on the car body vibration caused by UCE. By the design strategies, the vibration reduction design can be roughly classified into active vibration reduction, vibration damping, and vibration isolation [13, 14] . In this paper, a design method based on the DVA theory is utilized to derive the natural frequency of UCE. e loading device is used to produce the force, which is applied to the main system by DVA counteracting with the exciting external force that is applied to the main system. us, it inhibits the vibration of the main system. By setting the car body as the main system while setting UCE as DVA, and by setting the ratio of the vertical vibration natural frequency of UCE to the car body self-vibration frequency, which meets the optimal homology condition, the following equation can be obtained via the fix-point theory [15] :
where f eo is the vertical vibration natural frequency of UCE, f co is the car body self-vibration frequency, and μ is the mass ratio of UCE to the car body. According to the contribution of the car body elastic modal vibration to the car body vibration [3] , the car body vertical first-order bending modal frequency is selected as the car body self-vibration frequency.
In this paper, the car body mass is 32.65 t, the equipment mass is 6.4 t, and the car body vertical first-order bending modal frequency is 11.60 Hz. It is implied that the vertical optimal natural frequency of UCE is 10.60 Hz, which is close to the car body vertical first-order bending modal frequency of 11.60 Hz.
According to the natural frequency of UCE vertical vibration, the three-directional stiffness of rubber components can be obtained by adopting the traditional rubber component stiffness design method. In the conventional design method, the vertical stiffness of rubber component k zo can be calculated using the following equation:
where m is UCE mass, f eo is UCE vertical designed frequency, and n is the number of UCE suspended points. According to the manifestation features, the transverse and longitudinal stiffness of the rubber component is usually related to the vertical stiffness value. When the rubber component is under tension, the vertical (compression direction) stiffness is 2-3 times higher than the transverse one. e longitudinal stiffness is usually large (1-3 times higher than the vertical one) because the stop block exists in the equipment's longitudinal direction. In this section, the transverse-vertical stiffness ratio is 1/3, and the longitudinal-vertical one is equal to 2, according to Equations. (3) and (4), respectively:
Based on the vehicle rigid-flexible coupling dynamics model depicted in Figure 2 , the effect of UCE natural frequency on the car body vibration is investigated with the UCE vibration reduction design. e low-excitation highspeed range is adopted in track unevenness [16] . e vehicle running speed values under study are 200 and 300 km/h. e UCE vertical natural frequency is between 6 and 16 Hz.
e three-directional sti ness of the rubber component is obtained via Equations (2)- (4) . e damping ratio of the rubber component is 0.06. Figures 3-5 depict the following calculation results: vertical acceleration of UCE mass center, the vertical acceleration e ective value of the car body center (RMS value), and the vertical Sperling index of the car body center [17] , respectively. As shown in Figure 3 , the RMS value of UCE vertical vibration acceleration increases with the improvement of UCE vertical natural frequency when the vehicle running speed is 200 km/h. When the latter is 300 km/h, the RMS value of UCE vertical vibration acceleration rstly drops and then increases, accompanied by an increase in UCE vertical natural frequency. According to Figures 4 and 5 , both RMS value of the vertical acceleration 
Influence of UCE Coupling Vibration on the DVA Effect
In the analyses mentioned above, the coupling vibration between six DOFs of UCE has not been taken into consideration. Hence, this section considers one of the operation conditions induced by UCE coupling vibration (the in uence of gravity center o set) to investigate the impact of the coupling vibration on the DVA e ect. Some UCE components have large volume and mass values. Moreover, some UCE components attached to the under-chassis side beam share the same space with as other equipment. us, eccentricity conditions often exist in UCE, i.e., the gravity center does not always coincide with its geometrical center. In practice, the eccentricity of UCE can be subdivided into transverse and longitudinal eccentricity cases ( Figure 6 ). is section is focused on the in uence of UCE eccentricity on the vehicle ride quality. During analysis, the natural frequency of UCE vertical vibration is designed as 10.5 Hz. Only the transverse and longitudinal eccentricities at one side of UCE symmetry axis are considered, insofar as the car body and UCE are axisymmetric, and UCE is suspended at the car body center. Figure 7 shows the calculation results of the vehicle vertical Sperling index when UCE transverse eccentricity is between 0 and 0.8 m. is demonstrates that the transverse eccentricity of UCE has a signi cant in uence on the vehicle vertical ride quality. When the vehicle running speed reaches 300 km/h and the transverse eccentric distance exceeds 0.6 m, the car body vertical Sperling index is higher than 2.5.
at is, the ride quality level is deteriorated from the standard of excellence to the level of "good." Figure 8 shows the calculation results of vehicle vertical Sperling index when UCE longitudinal eccentric distance is between 0 and 1.0 m. As shown in Figure 8 (similar to the in uence regularity of transverse eccentricity), the longitudinal eccentricity of UCE has a signi cant in uence on the vehicle vertical ride quality. When the vehicle running speed reaches 300 km/h, and the eccentric longitudinal distance is greater than 0.5 m, the vehicle vertical Sperling index is higher than 2.5, and the ride quality level decreases to "good." e above analysis indicates that, although UCE adopts the rubber sti ness value under the measured natural frequency, there is a signi cant in uence of UCE transverse and longitudinal eccentricity on the vehicle vertical ride quality. Hence, if the coupling vibration of UCE is not considered in detail during the vibration reduction design, the damping e ect is very likely to deviate from the design expectation, which leads to a severe deterioration of the damping e ect. Hence, the in uence mechanism of UCE coupling vibration on the dynamic vehicle performance should be carefully studied.
Mechanism of Coupling Vibration and DVA Effect Interaction

Free Vibration Equation of UCE.
UCE is treated as a rigid spatial body with six DOF, while rubber components are regarded as springs with three-directional sti ness. e coordinate system of UCE is de ned as follows: the origin of the coordinates is the barycenter position of UCE, the vehicle riding direction is positive x-direction, the right side of the vehicle riding direction is a positive y-direction, and the downward direction is a positive z-direction. e roll (r x ), pitch (r y ), and yaw (r z ) directions are determined according to the right-hand rule. Figure 9 schematically presents the UCE coordinate system. Shock and Vibratione coordinates of the ith (i 1, 2, 3, 4) rubber component are (a i , b i , c i ), while their three-directional sti ness is (k xi , k yi , k zi ). When UCE vibrates, the elastic force and moment generated by the ith rubber component are as follows:
In the above equation, T [x, y, z, r x , r y , r z ] T is the rigid body displacement along six DOF of UCE. e overall elastic force and moment produced by four rubber components are as follows:
Without considering the external excitation, the dynamics equation for UCE with six DOF of the can be reduced to
where m is UCE mass and I xx , I yy , and I zz are rotational inertia of UCE along the respective axes. By expanding and rearranging Equation (7), we can get the following:
According to Equation (8), the six-order rigid body vibration mode vectors and modal frequencies of UCE are solved as follows:
where T j [x, y, z, r x , r y , r z ]
T j is the six-freedom-degree displacement of each modal vector; λ j (2πf j ) 2 is the modal characteristic value of each order; f j is the modal frequency of each order; and K is the sti ness matrix of UCE, which is expressed as follows: 
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where the matrix diagonal elements K 11 , K 22 , K 33 , K 44 , K 55 , and K 66 are linear and angular sti ness factors, which are as follows: 
K 45 , K 46 , and K 56 are coupling sti ness factors of yaw and pitch vibrations, which are represented as follows:
Energy Decoupling Degree.
e jth order vibration energy distribution matrix of UCE is de ned as follows [18] :
where M(p, k) is the element in the pth line and kth row of the inertia matrix; and T p j and T k j are the pth and kth elements in the jth order vibration mode vector.
e energy distribution share of the pth element by the jth order vibration mode in the total energy of the vibration mode T j is as follows:
e decoupling degree of the jth order vibration mode is de ned as the share of the vibration energy in the major vibration direction of this order than the total vibration mode energy. If EP(k, j) 100%, the energy of the jth order vibration mode T j is concentrated in the kth element, i.e., the vibration of the jth order vibration mode of UCE is completely decoupled. Hence, the matrix EP can be utilized to describe the dynamic features of the system.
Study of the In uence Mechanism.
e six-order rigid body modal frequency and energy distribution of UCE under transverse and longitudinal eccentric conditions are calculated to study the in uence mechanism of UCE coupling vibration on the DVA e ect. Figure 10 shows the vibration mode frequency of UCE when the bouncing vibration is dominant, as well as its share in the total energy of this vibration mode, in case of transverse eccentricity. As seen in Figure 10 , with an increase in the absolute value of transverse eccentric distance, the vibration frequency drops, while the bouncing vibration is dominant. e bouncing vibration energy share also decreases, which indicates the increase of the coupling degree of this vibration-mode order.
is is attributed to the fact that this vibration mode order is not a pure bouncing vibration mode, and that its vibration frequency is reduced. Due to the occurrence of coupling, the vertical vibration frequency of UCE deviates from the initially determined value, which leads to the deterioration of damping e ect and vehicle ride quality (Figure 7) . Figure 11 depicts the vibration mode frequency of UCE with dominant bouncing vibration, in case of longitudinal eccentricity. It also shows the share of bouncing vibration energy in the total energy of this vibration mode. Similarly, with an increase in the absolute value of eccentric longitudinal distance, the share of bouncing vibration energy is reduced, while the coupling degree of the vibration mode increases. is is due to the occurrence of coupling between the bouncing vibration and vibration of other mode orders that are caused by the longitudinal eccentricity. On the contrary, the vertical vibration frequency of UCE decreases and deviates from the optimal design value.
is results in the deterioration of Shock and Vibrationdamping e ect and vehicle ride quality (Figure 8 ). Based on the above ndings, one may conclude that the equipment eccentricity will lead to the coupling between UCE bouncing vibration and the vibration of other vibration mode orders.
ereby, the frequency of oscillation (with dominant bouncing vibration) decreases and deviates from the initially determined natural frequency. us, the damping e ect and vehicle ride quality are both deteriorated.
erefore, it is necessary to develop decoupling optimization methods for UCE.
Decoupling Optimization Methods
Forward Decoupling Method (FDM).
e forward decoupling method (FDM) is based on the UCE vibration equation. By eliminating or weakening the coupling sti ness factors of linear and angular vibrations, we can obtain the analytical solution of the sti ness vector of a rubber element, for which six DOF of UCE are strictly independent at the optimal frequency. If a particular mode has only one (x-direction) displacement, the mode vector can be expressed as a unit column vector T x [1, 0, 0, 0, 0, 0] T . If the mode frequency of this mode is equal to the optimal frequency f xo , the free vibration equation of this mode takes the following form:
According to Equation (16), the rst column of the sti ness matrix K can be obtained as follows:
For the modes containing only y-and z-direction displacements, columns 2-3 of the sti ness matrix can be derived from the modal frequencies f yo and f zo . Similarly, columns 4-6 of the sti ness matrix can be obtained from the modal frequencies f rxo , f ryo , and f rzo .
ese equations can be written in the following matrix form:
Here C, X, and D are as follows: 
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To obtain the least squares solution of min g(X) � ‖CX − D‖, the calculation is performed according to the generalized inverse matrix calculation method [19] . If a particular value in the received vector X is outside the constraint range X L ≤ X ≤ X U , the value can be set to be equal to the constraint boundary value.
us, the least-squares solution satisfying the constraint condition is obtained.
Inverse Decoupling Method (IDM).
e inverse decoupling method (IDM) provides a numerical solution of the stiffness vector of the rubber element, which has the highest decoupling degree of UCE and the closest modal frequency to the optimized one. It is based on the boundary conditions of the rubber element stiffness satisfying the allowable range of production and installation.
e mathematical model based on IDM can be reduced to the following equation:
In the above equation, the first term is the decoupling target. e smaller is its value, the higher decoupling degree is obtained. e second term is the modal frequency target.
e smaller is the value, the closer are the modal frequencies to the optimum ones. Parameters α j and β j are weight coefficients, while f L j and f U j are the lower and upper limits of each mode frequency, respectively. Equation (19) is solved by the genetic algorithm, which applies to this case and has a strong ability of global optimization [20, 21] .
Decoupling Optimization Calculation
Decoupling Degree Analysis.
To demonstrate the decoupling optimization procedure, a test calculation of the original scheme is provided for UCE vertical natural frequency of 10.5 Hz, with the following coupling vibration working condition: a transverse eccentric distance of 0.60 m and an eccentric longitudinal distance of 0.75 m. e threedirectional stiffness of the rubber component is designed via Eqs. 2-4. e six-order modal frequency and energy distribution of UCE are shown in Table 2 . Here the secondorder modal frequency is 8.66 Hz, which corresponds to the vibration mode with dominant bouncing vibration, which also couples with the pitch vibration. An apparent coupling is observed in the fourth-, fifth-, and sixth-order vibration modes. Combined with the engineering practice, according to the frequency configuration of UCE and the constraint conditions of the three-dimensional stiffness of the rubber elements via Equation (18)- (19) , the three-dimensional stiffness of each rubber element is subjected to the decoupling optimization using FDM and IDM, respectively. Tables 3 and 4 list the optimization results of the modal frequency and energy distribution of UCE when adopting FDM and IDM, respectively. It follows that the vibration mode in each order has a favorable decoupling degree when adopting these two schemes. As compared to the original scheme, the second-order modal frequency through the FDM scheme (with dominant bouncing vibration) changes little, and the decoupling degree increases slightly. However, the decoupling degrees of the fourth-, fth-, and sixth-order vibration modes increase. In the IDM scheme, the frequency of the vibration mode with the dominant bouncing vibration is 10.47 Hz, which is close to the design value. At the same time, the decoupling degrees of the fourth-, fth-, and sixthorder vibration modes are also improved signi cantly. Regarding the computational e ciency and accuracy, FDM can rapidly obtain the optimal values of the sti ness vector X, the mode decoupling degree approaches 100%, and the mode frequency approaches the optimal frequency with no repeated iterations required. However, the internal elements of the vector X may be beyond the constraint range X L ≤ X ≤ X U . erefore, this method needs to be modi ed by an assignment method. As a result, the decoupling degree of some modes may be deteriorated, and there will also be a speci c deviation between the modal and optimal frequencies. e IDM has high calculation accuracy; through a reasonable selection of control parameters, such as the crossover and mutation probabilities of the genetic algorithm, it achieves traversal solutions within the range of sti ness constraints X L ≤ X ≤ X U . However, a large number of internal elements in the sti ness vector X require the algorithm to have a su cient population and number of iterations, in order to obtain good calculation accuracy. erefore, IDM is less computationally efficient. In practical applications, the decoupling optimization method can be reasonably selected, according to the specific calculation efficiency and accuracy requirements. Table 5 shows the vertical Sperling index of the car body center when the above three schemes are applied in UCE. As compared to the original scheme, FDM has an unapparent influence of improvement on the ride quality. Both the vertical and lateral ride quality of the car body center is improved when IDM is applied. Moreover, the higher the running speed, the higher the reduction of the vehicle ride quality.
Vibration Reduction Analysis.
Figures 12 and 13 depict the power spectrum density of the vertical vibration acceleration of the car body center and UCE at speeds of 200 and 300 km/h, respectively. As seen in Figure 12 , the car body vibration at the original vertical firstorder bending frequency (11.60 Hz) will be suppressed when the vibration reduction design based on the dynamic vibration damping is applied in UCE. As compared to the original and FDM schemes, the suppression effect is more apparent when IDM is adopted. is can be attributed to the fact that IDM keeps the vertical vibration frequency near the optimal design frequency of 10.5 Hz while ensuring the favorable decoupling degree of the six-order vibration mode of UCE. As seen in Figure 13 , the vertical vibration energy of UCE increases with a limited amplitude. is is because the damping of the rubber component consumes some energy during the vibration transfer. e above findings indicate that the UCE suspension system, whose decoupling degree was optimized and designed via the DVA theory, can achieve a better damping effect.
Conclusion
Based on the DVA theory, the vertical vibration natural frequency of UCE is assessed and optimized in this study.
e influence of UCE coupling vibration on the DVA effect, as well as related mechanisms, are also investigated. e results obtained indicate that the eccentricity of UCE has a negative impact on the vehicle ride quality.
is is attributed to the eccentricity inducing a coupling phenomenon between vibration in the six DOF directions of UCE.
e vibration mode and frequency also change significantly. us, the natural frequency of UCE deviates from the designed initially optimal value, resulting in the deterioration of the damping effect and vehicle ride quality.
erefore, during the vibration reduction design of UCE for a high-speed EMU train, the coupling vibration of equipment should be carefully considered.
Two decoupling design optimization methods are proposed to make the vibrations in six DOF directions of UCE act individually at the optimal frequency. Collaborative optimization of the three-directional stiffness of rubber components in the suspension system of UCE is conducted with the decoupling degree and optimal frequency as the optimization objective and the rubber component's three-directional stiffness as the constraint condition. e calculation results imply that the decoupling degree of each order vibration mode of UCE is favorable. Also, the suspension system exhibits an apparent vibration reduction effect, and the vehicle ride quality is effectively improved.
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